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STANDARD INTEGRALS

J'x"dx= L XM+ C, nzg -l x 20, ifn <0
n+1
1
j—dx= Inx+C, x>0
X

1
jeaxdx=—eax+C, a#0
a

|
Jcosaxdx= =sinax+C, a#0
a

. 1
Jsmaxdx=——c0sax+C, a=+0
a

1
J'seczaxdx=—tanax+C, a#0
a

1
Jsecaxtanaxdx= -secax+ C, a0
a

1 1
_[ 5 2dx=—tan1£+C,a;«r&0
a +x a a

1 .1 X
J-ﬁdx=s1n —+C, a>0, —a<x<a
vya' —x a

Iﬁdx=ln€c+1x2—a2)+(f, x>a>0

Iﬁ dx=1n6€+\lx2+a2)+c

NOTE : Inx=log x, x>0



QUESTION 1. Start a new answer booklet.

(2)

(b)

Let 4(4,—1) and B(-3,2) be points on the number plane. Find the coordinates of
the point P which divides the interval 4B internally in the ratio 3:2.

(1) Prove that cos2x =1—2sin” x.

(i1) On the same diagram, sketch the curves y =cos2x and y =2sin’ x,
for 0<x<r.

(ii1))  Find the points of intersection of the two curves, in the domain 0<x < 7.

: : . V2
(iv)  Determine the acute angle between the two curves at the point where x = r

QUESTION 2. Start a new answer booklet.

(a)

(b)

Newton’s Law of Cooling states that the rate of change in the temperature, 7 °, of a
body is proportional to the difference between the temperature of the body and the
surrounding temperature, P°.

(1) If 4 and k are constants, show that T = P+ Ae" satisfies the equation
9T _ i (r-p).
dt

(1) A cup of tea with temperature 100°C is too hot to drink. If two minutes later,
the temperature has dropped to 93°C and the surrounding temperature is
23°C, calculate 4 and k.

(1))  How long, to the nearest minute, will it take for the tea to reach the drinkable

temperature of 80°C?

A particles displacement x centimetres from O at time ¢ seconds, is given by
V4
x=3cos| 2t+—|.
3
(1) Express the acceleration as a function of displacement and hence show the
the particle undergoes simple harmonic motion about the origin O.

(1)  Find the value of x for which the speed is a maximum and determine this
speed.

Marks



Marks
QUESTION 3. Start a new answer booklet.

(a) Given 6* —1 is divisible by 5 for all positive integral values of k, prove that 6**' —1 2
is also divisible by 5.

(b) By the process of mathematical induction, prove the following true for all positive 3
integers n:

dr2 =(n-12""+2

r=1

(c) At a school prefect induction ceremony, 16 prefects (8 girls and 8 boys) were to be
seated at the front of hall in two rows.

(1) How many different seating arrangements of the 16 prefects are possible? 1

(i)  If 4 girls and 4 boys were to be chosen at random to fill the back row, how 2
many different groups of 8 can be chosen to fill the back row?

(ii1))  The middle two seats of the front row were to be occupied by the girl school 2
captain and the boy school captain. If the remaining seats in this row were to
be filled by 3 girls and 3 boys chosen at random from the 14 remaining
prefects, how many possible arrangements for front row seating are there?

QUESTION 4. Start a new answer booklet.

(a) Find the exact value of: tan {cos1 (%H 2
(b) (1) Write down the expansion for: tan(a + f) 1
(11)  Use the result in (1) above to evaluate, in exact form: 2

tan ™ (2\/5 — 3) +tan™ (\/5)

(c)  For the function f(x)=3sin"'(3—2x)

(1) Draw a neat sketch of the graph of the function. 3

(i1) Find the derivative of the function. 2



Marks
QUESTION 5. Start a new answer booklet.

1

(a) Find dx. 1
I
2
(b) Use the substitution u =x"+4x—3 to evaluate J dex 3
1 VX +4x-3
(c) The graph of y = 2sin”' [gj is shown below
A A
(i)  Write down the coordinates of point 4. 2
(i)  Differentiate y = 2xsin™’ (%j +2{9 - x° 2
(111)  Hence, or otherwise, find the shaded area. 2
QUESTION 6. Start a new answer booklet.
. . 2
(a) Solve the inequality — <1 2
X
(b) (1) Express x/g cosx—sinx in the form rcos(x + a) , Where » >0 and « isin 2

radians. Justify your answer.

(1)  What is the maximum value of J3cosx—sinx and the smallest positive value 2
of x for which it occurs?

(©) Using the substitution ¢ = tan g, find the general solution of 4

3sinx—2cosx =2.



QUESTION 7. Start a new answer booklet.

(a)

(b)

(©)

One root of the equation e" —x—2=0 lies between x =1 and x=2. Use one
application of Newton’s method, with a starting value of x = 1.5, to approximate
the root to two decimal places.

X
log, (xz)
(i)  John was about to change log, (xz) to 2log, x, but then realised this would

John considered the curve y =

actually alter the graph itself. Briefly explain why.

(1))  Accurately describe the domain.

(ii1))  Find the derivative of the function.

NOT

o —.D TO
/ f\ SCALE
____.-—"'- ."l x

B

FB is a tangent meeting a circle at 4. CE is a diameter, O is the centre and D lies
on the circumference. Z/BAE =36°.
O is the centre and D lies on the circumference. /BAE =36°.

(1) Find the size of ZACE, giving reasons.

(11)  Find the size of LADC, giving reasons.

Marks



QUESTION 8. Start a new answer booklet.

(2)

(b)

(©)

Marks

When x° —3x” —ax+2 isdivided by x+3, the remainder is 4. Find the value of a.

Sketch the curve y = (3—x)(x+1)
(it is not necessary to find stationary points)

P(Qap,ap®) and O(2aq.,aq”) are two points on the parabola x> = 4ay. R is the point
of intersection of the tangents to the parabola at P and Q.

(1)

(i)

(iif)

(iv)

Show that the equation of the tangent to the parabola at P is given by:

px—y—ap® = 0. You may assume that the gradient of the tangent is p.

Show that the tangents to the parabola at P and Q intersect at the point

R= (a(p+q),apq).

It is given that the equation of the chord PQ is

y=(pP+9) x—apq. (DO NOT PROVE THIS)

2
Point T is the intersection of the chord and the axis of the parabola.

Show that T is the point (0,—apq).

If R is on both the axis of the parabola and the directrix, show that triangle
PTR is an isosceles right angled triangle.



Year 12 Mathematics Extension 1 Trial HSC Examination 2010

Question 1 Solutions and Marking Guidelines

QOutcomes Addressed in this Question

PE2 Uses multi-step deductive reasoming in a varicty of contexts

PE6 Makes comprehensive use of mathematical language, diagrams and notation for communicating in
a wide variety of situations

HS Applies appropriate techniques from the study of calculus & trigonometry

HE7 Evaluates mathematical solutions to problems and communicates them in an appropriate form

Part Solutions Marking Guidelines

2 marKs : correct answer
1 mark : significant
progress towards answer

PE2 2) (a) Internal point of division, ratio of 3:2
Point of division of (4,-1),(~3,2)is

[fxﬁkxz ly1+@2J _ [2x4+3x-—3 2x~m1+3x2]

E+i1 7 k+l 3+2 " 342

(2 i]
5’5
HE7 b) (i}cos2x = cos(x+x)
= CQ8 XCOSX —Sinxsinx

1 mark : correct solution

= cos® x—sin® x
=1-sin® x—sin’x
=1-2sin®x
{ii) Graph of y=cos2x has period %’E':x , - for

0 < x < x, one wavelength, Amplitude 1.

Using cos?2x =1-2sin’x,
2sin’ x=1-0052x 2 marks : both graphs
Graph of y=2sin®x is same graphas y=1~cos2x. | correct

ie. y=-c0s2x,shified up 1 unit. 1 1nark : one graph correct

&
MK
I

-1

H5, PE2

(ifi) y = 2sin’ xand y =cos2x meet when 2sin’x=cos2x.
i.e, when 2sin® x =1~2sin’ x
Solving 4sin® x =1 N
sin’ x——-i, sinx:i—l-
4 2
As solving for 0<x £, x is in quadrants 1,2
o nr & 5m

X, T

6 6 6 6

(iv) Fory =cos2x, y' = -2sin2x.
When x=%—, y’m—ZSin—Z—z—sﬁ
For y=2sin’x, y'=4(sin x) cosx

=2sin2x
When xx%, y'=2sin%-—"x/?_,.

If @ is the anglc between the two curves,

| A5
y 1‘.21.1'19=1

3)
1+\Ex(-—\ﬁ)|

‘”’1‘"”’1|
1+

using tané =
|1+ mm,|

.'.tanaz%ug = !—«/3_|
.'.tant?m\ﬁ

==,

-3

2 marks : correct answers
1 mark : significant
progress towards correct
solution

3 marks : correct solution
2 marks : substantial
progtess towards correct
solution

1 mark : significant
progress towards correct
solution.




Year 12 Mathematics Extension 1 HSC assessment Task 4 2010 : .. I
Question No. 2 Solutions and Marking Guidelines ) ’

Outcomes Addressed in this Question

HE3  uses a variety of sirategics to investigate mathematical models of situations involving binomial probability,
projectiles, simple harmonic motjon, or exponential growth and decay

Outcome Solutions Marking Guidelines
() T=P+de”
Ae =T ~P 1 mark carrect answer .
if.‘_ = kde®
dt
dT
Lok (T-F
= k(T ~F)

(if) P = 23°(T =100,¢=0), (T =93,1=12)

100 =23+ Ae®, 4 =177 2 marks correct method leading te

= 234776" correct answer )
93 =23+77e%* . . 1 mark substantially correct solution - .
ko= 00476, '
(i) 80 =23+ 7770
8023 g 0076
77 2 marks correct method leading to
_ corTect answer
£=1n [g_oﬁz_z-_] = {~0-0476)
6311 i 1 mark substantiaily correct solution . . .
1=6- ...min ' . i

r=&min

[$3] x:3cus(2r+-§»]

3 marks comrect method leading to : -

a o ..
e -3sin(2t+-ﬂ— x2 carrect answer .

di 3
3
x:i{—a ~6sin 24 2 - . *

dt 3 2 marks correct differentials
@ H
I =-€-t-gw=--6cus(2t+—)12

1 mark substantially correct sojution

L &5 T
x = —t”:““z ~4x3cos| U+ — = ~dx

m
Since acceleration obeys the law x = —-nix
the motion is simple harmonic,

. ¢ R r
{ii} =V zv«Gsm[Zr+ 3-)

gince ~1<sin (2t+ %) =1

maximum speed = 6cm / soccurs when (21 + i;_) = gn 2 marks total
2T E 1 mark
2 3 For each of distance and velocity
T correct solution
2w — . !
% "
i
=
12

x = 3cos 2x i B
12 3

x = 3cos[£),3ms(2£ +£],...
1 ; 2

x = 0in ali cases
. maximum speed is 6cm/s when x = 0,




Vear 12 Mathematics Extension 1 Half Yearly Examination 2010

Question No. 3

Solutions and Marking Guidelines

Qutcomes Addressed in this Question

BE2  uses inductive reasoning in the construction of proofs
PE3 solves problems involving permutations and combinations.

Quicome Solutions Marking Guidelines
HE2 (a) 2 marks
. k3 b Correct solution
Since 6° -1 is divisibie by 5, 1 mark

Let 6% —1=5M where M is an integer.
e 6 =3M+]
Now,
6 p = xGE~1

=6(5M +1)~1

=300 + 61

=30M +5

=35{6M +1)
which is divisible by 5, as required,

pE2 |
3 e =(n-132" 42

ral

i. Prove true forn=1

r=

=1x2' =0+2
=2 =2
= LHS
.. True for n=1

2. Assume true forrm=k

&
fe. Assume 3 r2" = (£-1)2"" +2

r=i

Prove tmie for n=k +1

ka1
ie. Prove 3,r2" =£2"7 +2
=l
sl
LHS =% r2
=}

.3
=3 T + {412

=i
=(k-D2 32+ (k+1)2%
=2k 2% 32
=22 42
=k2"* 42
= RHS
- True forn=k+1

pn=l+1=2 n=2+1=13, el

1
LHS =Yr27  RHS =(-Dx2"+2

3. Ifthe result is true for == k jt is also true for = k+1
Since the tresuft is true for » = 1 it is also true for

Hence, by the principle of mathematical induction,
the result is true for alt positive integral values of .

Substantial progress towards correct
sofution.

3 marks

Correct sotution showing clear and logical
progression through to conclusion.

2 marks

Substantialiy correct sofution which is not
complele through to cenchusion or omits
steps required to fully justify cenctusion.
1 mark

Some progress towards soiution, including
showing the result true forn=12sa
minimum.

PE3

PE3

PE3

o3 (B
Mo. of arangements  =i6!
209 10%
i .
Mo.of groups of 8 =*C, % 'C,
=70x70
= 4900
[4 gitl prefects chosen from 8 x 4 bay prefects chosen from 1]
iif)
No. of front row amrangements =2x "Cyx 10y %61
=2x35%35x 720
= 1764000

[Captains arranged in 2 ways x 3 more girl prefects chosen from the 7
remaining x 3 more boy prefects chosen from the 7 remaining x 6!
ways that the prefects (oot captains) can be.sested }

1 mark
Correct answer.

2 marks

Correst sohution, including evaluation of
combinations or any other method.

1 mark

Partially correct solution.

2 marks

Correct sofution, including evaluation of
combinations or any other method.

1 mark

Partially comect sofution.




Year 12 Mathematics Extension 1 Half Yearly Examination 2010

Question No. 4 Solutions and Marking Guidelines .

Outcomes Addressed in this Question

HE4  uses the relationship between functions, inverse functions and their derivatives

Quicome Solutions Marking Guidelines
HE4 a) 2 marks
{4 Corect solution
Let § =cos’ ~————J Lmark .
LJE Substantially correct sofution,
4 demonstrating 2 knowledge of the meaning
08l m—— of inverse trig. functions.
V21
On a diagram:
N2
¥s
4
a4
tan| cos™ ==} =tan§
ey,
]
4
(b) (i)
HE4 tane + tan § 1 mark
tan(e + )= - Correct expansion given,
HE4 (ii) 2 marks
let g=tan’ (243 - 3) and A =tan (JE) Correct solution.
J— J- 1 mark
s tang = 2¥2 -3 and tanf =+2 Substantial progress towards correct
Now, solution including demonstratinn of
knowledge of the relationship between the
e+ f) = tanz+anf trig, function and its inverse.
1 tane tan J
_ w3442
1-fd2-3 V2
_ 3fa-3
1-4+32
_3W2-3
23
=1
@rf) =)
=X
4
ie. tan™ (Z\E - 3c)+ tan”! (JE): z
4
<)
HE4 flxy=3sin*(3-22) 3 marks ,
. . Correctly drawn graph showing correct
Domain: Range: domain and range and comrect ordentation,
. T 2 marks
A=2(3-251 - EsnTE-ns 7 Substemtialiy correct graph with single
Ir I crror in domain, range or orientation,
45-2x5-2 e £ 35073 22) S - ¥ mark
2 2 Demensirates some significant knowledge
2zx2zl . of how inverse trig. graphs are drawn.
See praph on following page.

(
%
|

24

y=3sin7(3~ 2x)

Now,
y=3Isin"'u
& o du
dx du dx
)
1-1 ’
- -6
et

-G

Letu=3-2x

since u=3—~2x

TR

_ —6

wJux —d4x* -8

2 marks
Correct solntion.
1 mark

Substantial progress towards correct
solution, demonstrating some knowiedge of
differentiating inverse trig. functions or
function of a function ruie.




Year 12 Mathematics Extension 1 HSC assessment task 4 2010
Question No. § Solutions and Marking Guidelines

Outeomes Addressed in this Question

PES  Dretermines derivatives which require the application of more than one rule of differentiation
HE6 Determines integrals by reduction to standard form through a given substitution

H%  Uses techniques of integration fo calculate areas and volumes

HE4 Uses the relationship between functions, inverse functions and their derivatives.

a) 1 mark - correct answer
j L gx=sin?Eio
9--x* 3 .
b) 3 marks — correct solution
2 9 2 marks - substantial progress
JI' : +2 dx :j- du towards correct solution
m[x +4x-3 22\/; 1 mark — some progress
1% .k towards correct solution
== Iu *du
2 Z
9
1
e
2| 1
25
I )

c) i) AQG,7) 2 marks — correct coordinates
1 mark - correct value for x
ory

b} i) 2 marks - correct solution

2% 3 L 1 1 1 mark — substantiai progress
LI +sin l(i}Z + 2.—(9 -x* )-2 —2x towards correct solution
dx 3 4] —I2 3 2

¢} dii} 2 marks - correct solution
‘1 mark — substantial progress

3 3
,[2 sin™ (gm]dx =|:2 xsin™ (%) +29- %% } towards correct selution
Q 0

= lgsin™ () +245-9)-(0+2v8)

= (3 T— 6) square wls




Year 12

Mathematics Extension 1

Trial HSC Examination 2010

Question 6

Solutions and Mearking Guidelines

Ouicomes Addressed in this Question

PE3 solves problems involving permutations and combinations, inequalities, polynomials, circle
geometry and parametric representations
HE7 evaluates mathematical solutions to probiems and communicates them in an appropriate form

Part Solutions Marking Guidelines
PE3 2 2 marks : correct solution
a) z <1 1 mark : substantial
2 progress towards correct
Zxx’ < 1xx® (multiplying by positive, x=0) solution
x ) N
2x—x" <0
x(2-x)<0
sx<0and x>2 0 x
HE7 b} (i) V3cosx—sinx =7 cos (x + a) 2 marks : correct solution
=r(cosxcosa —sinxsina ) where 1 mark : correct value for »
o«
2z
r=y(V3) +(-1) =2
~Af3cosx-sinx = 2cosxcosa - 2sin xsina
Equating like coefficients, J3=2cosa , —l=-2sina
CCeOSe e,  Siner :mi-
) 2 2
As sin positive quadrants 1, 2 & cos positive in quadrants
1,4 a isinquadrant 1. .'.ax%
~V3cosx-sinx= 2cos[x+—g-]
. . 2 marks : correct answers
HE7 (11} Maximum value of V3 cosx —sinx is when 1 mark : one correct

2¢os [x +%] is a maximum which occurs when
cos(x+36r-] =1, ;. maximum value is 2x1=2.

cos[x+%]=1 when x+%=0, 2mT,...

i.e. when x =:£,27rm£, .
6 6
.. maximum value is 2, and the smallest positive

value of x for which it ocours is iz .

answer or equivalent .

c} I 3sinx—2cosx=2 and 1= tﬂn‘}

Ix U - 2xl-fr=2 *
1+ 1+¢

6t - 2(1-7)=2(1+)

6t — 2+ 2% = 2+ 212

6r=4
=2
3
x 2
Stans ==
2 3
R +tfm“Z
2 3

Testing x =7 as a soluiion to 3sinx--Zcosx=2:
3sinz - 2cosm 20 2(~1) =2
oo true for x=

.'.xm2mr+2tan"l~§~ and x=(2n+1)x for any integer n

4 marks : correct solution
3 marks : substantial
progress towards correct
solution

2 marks : significant
progress towards correct
sofution

1 mark : correct use of t
results fo solve equation or
correct use of general
sofution to solve equation




Year 12
Question No. 7

Mathematics Extension 1
Solutions and Marking Guidelines

HSC assessment task 4 2010

Qutcomes Addressed in this Question

PE3
PES

Solves problems involving circle geometry

Makes comprehensive use of mathematical language, diagrams and notation for communicating in

a wide variety of situations

a)
151 5_
f)=e"-x-2 x=15-2 ,51‘51 2
e‘ -
0.98168
(x)=e" -1 =1.5-
7@ 3.48168
=1.22

2 marks — correct solution
1 mark - substantial progress
towards correct solution

b) i) The domain of log(x"} isall real x, x=0.
The domain of 2logx is x>0
Changing the function restricts the domain, so half the graph
would be lost.

1 mark — correct explanation

by if) Allrealx, x#0and x==£1

2 marks — comect domain
1 mark —either x#0or
x#xi

b} iif) 2 marks -~ correct solution
, Ix 1 mayk — substantial progress
dy log, (x").1- x"xT towards correct solution
dx (ng(Jn:2 })1
_log,(x")~2
(lc)g(:cl})2
) i) ZLACE=36° (alternate segment theorem} 1 mark - correct answer with
correct reason

c} ii} LCAE =90 (angle in a semicircle) 2 marks - carrect answer with

ZCEA+90°+36° =180° (angle sum of AACE)
ZCEA = 54°
o LADC = 54° (angles on same arc)

comect reasons
1 mark - substantial progress
towards correct sofution




Year 12

Mathematics Extension 1

TRIAL Exam 2010

Question No. 8

Solutions and Marking Guidelines

Outcomes Addressed in this Question

PE3 solves problems involving pofynomials and parametric representations )
PEA4 uses the parametric representation together with differentiation to identify geometric properties of parabolas

Solutions

Marking Guidelines

(=@

PE3

(b}

O

PE3

© (i)

PE3

P(x)=x’-—3x2-ax+2
P(-3)=(-3) -3(-3) ~a(-3)+2=4
45-27-27+3a+2
56 =3a
56

a="—

3

/)

P(Zap,apz) ,m=p
Equation of tangent is...
y=y=m(x-x)
y—ap® = p(x-2ap)
y-ap® = px-2ap’

p—y-ap*=0
tangent at P is y = px—ap
tangent at R is y=qr—ag

solve simult px—ap® = gx—ag®
px-gx=ap® ~ag’
x(p-q)=a(p-q)(p+q)
x=a(p+g)
y=pla(p+q)|-ap’
= apg
50 R=(a(p+q),apq)

2 marks — correct solution

1 mark — substantially correct
solution

1.mark - correct solution

1 mark — correct solution

2 marks ~ correct sglution

1 mark — substantially correct
solution

(¢) (i)
PE3

(9 )

PE4

axis of parabolais x=0 (1)
chord P is y= -(—p;—-glj-cfw apg (2)
sub (1) into (2) y=0-apg
50 T= (0, -~ apq)
r .
P i o

R =(a(p+q),apq)is...
on directrix, y = -a

and on axis, x =0

ieapg =—a jea(p+q)=0
pg=-1 ..(1) prg=0,asx#0
p=-q ..(2)
sp,g=tl

P(Zap,apz) = P(2ap,a)
0(2aq,aq") = 0(-2ap,a)
R(a(p+q),apq) = R(0,~a)
7{0,-apq) =T(0,a)

ap?-op® =0

"rQ T T aa)

RT is vertiacal (axis)
~PQLRT

ie APTR isright angled

distance PT =2a (p=t+1)
distance TR = 2g
ie APTR is isosceles

So APTR is an isosceies right angled triangle.

1 mark — correct selution

3 marks - correct solution

2 marks -- substantially correct
solution

1 mark — partial progress
fowards correct solution




